In the jet bundle description of Field Theories (multisymplectic models, in particular), there are several choices for the multimomentum bundle where the covariant Hamiltonian formalism takes place. As a consequence, several proposals for this formalism can be stated, and, on each one of them, the differentiable structures needed for setting the formalism are obtained in different ways. In this work we make an accurate study of some of these Hamiltonian formalisms, showing their equivalence. In particular, the geometrical structures (canonical or not) needed for the Hamiltonian formalism, are introduced and compared, and the derivation of Hamiltonian field equations from the corresponding variational principle is shown in detail. Furthermore, the Hamiltonian formalism of systems described by Lagrangians is performed, both for the hyper-regular and almost-regular cases. Finally, the role of connections in the construction of Hamiltonian Field theories is clarified.
Introduction
The application of techniques of differential geometry to the study of physical theories has been revealed as a very suitable method for better understanding many features of these theories. In particular, the geometric description of classical Field Theories is an area of increasing interest.
The standard geometrical techniques used for the covariant Lagrangian description of first-order
Field Theories, involve first order jet bundles J 1 E π 1 → E π → M and their canonical structures (see, for instance, [11] , and references quoted therein). Nevertheless, for the covariant Hamiltonian formalism of these theories the situation is rather different, and there are different kinds of geometrical descriptions for this formalism. For instance, we can find models such as those described in [2] , [46] and [47] , which use k-symplectic forms, or in [39] , [40] , [41] and [42] , where the essential geometric structure are the k-cosymplectic forms, or also as in [25] , [29] and [30] , where use is made of polysymplectic forms (in fact, k-symplectic, k-cosymplectic and polysymplectic structures are essentially equivalent objects). In this work, we consider only the multisymplectic models [4] , [5] , [26] , [27] , [28] , [44] , [45] , and depending on the choice of the multimomentum phase space there are different ones. In fact:
1. There are some models where the multimomentum phase space is taken to be Mπ ≡ Λ m 1 T * E, the bundle of m-forms on E (m being the dimension of M ) vanishing by the action of two π-vertical vector fields. This choice is made in works such as [22] , [23] and [24] , as a refinement of the techniques previously given in [31] , [32] and [33] (see also [35] and [43] ).
2. The multimomentum phase space J 1 π * ≡ Λ m 1 T * E/Λ m 0 T * E (where Λ m 0 T * E is the bundle of π-semibasic m-forms in E) has been studied in [6] and used, later on, in [29] , [36] and [37] for the analysis of different aspects of Hamiltonian Field Theories.
3. Finally, in [8] , [16] , [17] , [19] , [49] , [50] and [51] the basic choice is the bundle Π ≡ π * TM ⊗ V * (π) ⊗ π * Λ m T * M (here V * (π) denotes the dual bundle of the π-vertical subbundle V(π) of TE) which, in turn, is canonically related to J 1 E * ≡ π * TM ⊗ T * E ⊗ π * Λ m T * M .
Although in [43] (and later papers by these authors), a covariant Hamiltonian formalism is constructed in Mπ, in most of the works, this multimomentum bundle is not really used in order to establish a Hamiltonian formalism on Mπ, but just for defining canonical differential structures which, translated to J 1 E and J 1 π * , are used for setting the Lagrangian and Hamiltonian formalisms, respectively. The choice of J 1 π * or Π as multimomentum phase space allows us to state covariant Hamiltonian formalisms for Field Theories. Nevertheless, none of them have canonical structures, so the Hamiltonian forms of the Hamiltonian formalism must be obtained from the canonical forms of the multicotangent bundle Λ m T * E. This is done by using sections of the projection Mπ → J 1 π * , (or J 1 E * → Π) which are called Hamiltonian sections [6] , or the so-called Hamiltonian densities [17] , [49] . To our knowledge, a rigorous analysis comparing these formulations and their equivalence has not been done. The aim of this work is to carry out a comparative study of some of these Hamiltonian formulations, establishing the equivalence between them. In every case, the geometrical structures needed for setting the field equations in the Hamiltonian formalism are introduced, as well as the corresponding Legendre maps when the multimomentum bundles are related to a Lagrangian system.
The question of whether the use of connections in the bundle π: E → M is needed for the construction of the covariant formalisms in Field theories is studied. It was analized for the first time in [6] , where a connection was used to define Hamiltonian densities in the Hamiltonian formalism, and in [11] for the case of the density of Lagrangian energy in the Lagrangian formalism. In this work we make a deeper analysis on the role played by connections in the construction of Hamiltonian systems.
An obvious subject of interest is the statement of the Hamiltonian field equations. In all the multisymplectic models field equations are obtained by characterizing the critical sections which are solutions of the problem by means of the multisymplectic form [1] , [11] , [15] , [21] . This characterization can be derived from a variational principle: the so-called Hamilton principle in the Lagrangian formalism and Hamilton-Jacobi principle in the Hamiltonian one. Nevertheless, this aspect of the theory is overlooked in many papers. We give an accurate derivation of the Hamiltonian equations starting from the Hamilton-Jacobi principle, and the role played by connections in the statement of covariant Hamiltonian equations is discussed.
An important kind of Hamiltonian systems are those which are the Hamiltonian counterpart of Lagrangian systems. The construction of such systems starting from the Lagrangian formalism is carried out by using a Legendre map associated with the Lagrangian density and the corresponding multimomentum bundle. This problem has been studied by different authors in the (hyper) regular case (see, for instance, [6] , [53] ), and in the singular (almost-regular) case [17] , [37] , [49] . In this work we review some of these constructions, developing new methods, and giving a unified perspective of all of them.
The structure of the work is as follows: Section 2 is devoted to a review of the main features of the Lagrangian formalism of Field theories, and afterwards the definition of the different multimomentum bundles for the Hamiltonian formalism, as well as the construction and characterization of the canonical forms with which some of them are endowed. Furthermore, when these multimomentum bundles are related with a Lagrangian system, the corresponding Legendre maps are introduced for both the (hyper)-regular and the almost-regular cases. π 1 , that is, V(π 1 ) = Ker Tπ 1 , and by X V(π 1 ) (J 1 E) the corresponding sections or vertical vector fields. Finally, (x ν , y A , v A ν ) (with ν = 1, . . . , m; A = 1, . . . , N ) will be natural local systems of coordinates in J 1 E adapted to the bundle π: E → M , and such that ω = dx 1 
2 Geometrical background of the Lagrangian and Hamiltonian formalisms
Lagrangian systems
From the Lagrangian point of view, a first-order classical Field Theory is described by its configuration bundle π: E → M , and a Lagrangian density which is aπ 1 -semibasic m-form on J 1 E (see the appendix for notation and terminology). A Lagrangian density is usually written as L = £(π 1 * ω), where £ ∈ C ∞ (J 1 E ) is the Lagrangian function associated with L and ω. The Poincaré-Cartan m and (m + 1)-forms associated with the Lagrangian density L are defined using the vertical endomorphism V of the bundle J 1 E:
In a natural chart in J 1 E we have
(See, for instance, [3] , [11] , [15] , [21] , [52] and [53] , for details). Then a Lagrangian system is a couple (J 1 E, Ω L ).
As we can see, the factor E £ ≡ ∂£ ∂v A ν v A ν −£ appears in the local expression of the Poincaré-Cartan (m + 1)-form, and it is recognized as the classical expression of the Lagrangian energy associated with the Lagrangian function £. In fact, the existence of such a function as a global object, and by extension a density of Lagrangian energy, is closely related to the existence of a connection in the bundle π: E → M , in the same way that happens in non-autonomous mechanics [10] . As shown in [11] , we can define the density of Lagrangian energy using the vertical endomorphisms in J 1 E. In fact, given a connection ∇ in π: E → M , we can identify V * (π) as a subbundle of T * E. Then the operation S ∇ − V makes sense, where S and V are the vertical endomorphisms of the bundle J 1 E, and S ∇ denotes the action of S followed by the injection of V * (π) in T * E induced by ∇ (see the appendix). Therefore: 
is the Lagrangian energy function associated with L, ∇ and ω.
Remark:
• Note that every connection ∇ in π: E → M allows us to split the Poincaré-Cartan forms as
Using natural systems of coordinates, and Γ A ν being the component functions of the connection, we have the following local expressions
Observe also that if we take a local connection with Γ A ν = 0, then the Lagrangian energy associated with this natural connection has the classical local expression given above.
A variational problem can be posed from the Lagrangian density L, which is called the Hamilton principle of the Lagrangian formalism: the states of the field are the sections of π which are critical for the functional L:
where Γ c (M, E) is the set of compact supported sections of π. These (compact-supported) critical sections can be characterized in several equivalent ways. In fact (see [11] , [15] , [36] and [53] ):
The critical sections of the Hamilton's principle are sections φ: M → E whose canonical liftings j 1 φ: M → J 1 E satisfy the following equivalent conditions:
where {σ t } denotes a local one-parameter group of any π-vertical vector field Z ∈ X(E).
2.
3.
The coordinates of φ satisfy the Euler-Lagrange equations:
∂£ ∂y A j 1 φ − ∂ ∂x ν ∂£ ∂v A ν j 1 φ = 0 (for A = 1, . . . , N ).
Multimomentum bundles and Legendre maps
(See [13] for a more detailed study of all these constructions).
Letȳ ∈ J 1 E, withȳ
We have that the maps µ • ι 0 and δ are sobrejective, linear on the fibers, and restrict to the identity on the base. On the other hand, for every y ∈ E, we have that ker δ y = ker (µ • ι 0 ) y (as can be shown from the corresponding expressions in coordinates). Hence we conclude that J 1 π * and Π are canonically isomorphic as vector bundles over E.
(See [13] for another version of this proof, and an explicit construction of Ψ ).
Π and J 1 π * are fiber bundles over E, then Ψ is a fiber-diffeomorphism (it is the identity on the base), whose local expression in natural coordinates in J 1 π * and Π is
Canonical forms
As is known [5] , the multicotangent bundle Λ m T * E is endowed with canonical forms: Θ ∈ Ω m (Λ m T * E) and the multisymplectic form Ω := −dΘ ∈ Ω m+1 (Λ m T * E). Then:
The canonical m and (m + 1) forms of J 1 E * arê
On the other hand, observe that Mπ ≡ Λ m 1 T * E is a subbundle of the multicotangent bundle
be the natural imbedding (hence λ • ι 0 = ι). Then:
The canonical m and (m+1) forms of Mπ (multimomentum Liouville m and (m+1) forms of Mπ) are
• Ω is 1-nondegenerate, and hence (Mπ, Ω) is a multisymplectic manifold.
The canonical formsΘ and Θ can also be characterized as follows (see [13] ):
•Θ is the only m-form in J 1 E * , such that if y ∈ J 1 E * , and X 1 , . . . , X m ∈ T y J 1 E * , then
• In turn, considering the natural projectionκ 1 :
for every (y, α) ∈ Λ m 1 T * E (where y ∈ E and α ∈ Λ m 1 T * y E), and
Bearing in mind the following diagram
we observe that the map ι 0 : J 1 E * → Mπ is a form along the projectionρ 1 : J 1 E * → E. Then:
( Proof ) Let y ∈ J 1 E * , and X 1 , . . . , X m ∈ T y J 1 E * . We have
In natural coordinates in J 1 E * and Mπ, the local expressions of these forms arê 
Regular and singular systems
Definition 9 Let (J 1 E, Ω L ) be a Lagrangian system. 
where the sub-matrix
is the partial Hessian matrix of £. Then, the regularity condition is equivalent to demanding that this matrix is regular everywhere in J 1 E. This fact establishes the relation to the concept of regularity given in an equivalent way by saying that a Lagrangian
(See also [6] for a different definition of this concept).
Proposition 3 (See [13] and [37] 
The manifolds
Hence, FL, FL and FL are diffeomorphisms on their images; and the maps µ, restricted to FL(J 1 E) or to FL(J 1 E), and ι 0 and δ, restricted to FL(J 1 E), are also diffeomorphisms.
In this way we have the following diagram
where the map µ ′ : Mπ → Mπ is defined by the relation
and it satisfies that µ•µ ′ = µ. Observe also that the restriction µ ′ : FL(J 1 E) ⊂ Mπ → FL(J 1 E) ⊂ Mπ, is a diffeomorphism, which is also defined by the relation FL = µ ′ • FL.
For dealing with singular Lagrangians, we must assume minimal "regularity" conditions. Hence we introduce the following terminology:
1. P := FL(J 1 E) and P := FL(J 1 E) are closed submanifolds of J 1 π * and Π, respectively.
(We will denote the corresponding imbeddings by  0 : P ֒→ J 1 π * and  0 : P ֒→ Π).
FL, and hence FL, are submersions onto their images (with connected fibers).
3. For everyȳ ∈ J 1 E, the fibers FL −1 (FL(ȳ)) and hence FL −1 (FL(ȳ)) are connected submanifolds of
(This definition is equivalent to that in reference [37] , but slightly different from that in references [17] and [49] ).
Let (J 1 E, Ω L ) be an almost-regular Lagrangian system. Denotê
Let 0 :P ֒→ Mπ, 0 :P ֒→ Mπ, 0 :P ֒→ J 1 E * be the canonical inclusions, and µ:P → P ,μ:P → P ,ι 0 :P →P ,δ:P → P , Ψ 0 :P → P the restrictions of the maps µ, ι 0 , δ and the diffeomorphism Ψ , respectively. Finally, define the restriction mappings
Proposition 4 (See [13] , [37] , [38] ). Let (J 1 E, Ω L ) be an almost-regular Lagrangian system. Then:
1. The maps Ψ 0 andμ are diffeomorphisms.
For everyȳ
3.P andP are submanifolds of Mπ,P is a submanifold of J 1 E * , and 0 :P ֒→ Mπ, 0 :P ֒→ Mπ, 0 :P ֒→ J 1 E * are imbeddings. Thus we have the diagram
The restriction mappings FL
whereμ ′ :P →P is defined by the relationμ ′ :=μ −1 •μ.
The mapsμ andμ ′ are not diffeomorphisms in general, since rank FL 0 ≥ rank FL 0 = rank FL 0 , as is evident from the analysis of the corresponding Jacobian matrices.
be an almost-regular Lagrangian system. Then:
( Proof ) The first two equalities are immediate, since P := FL(J 1 E), P := FL(J 1 E) and
For the last equality, as FL, FL and FL are the identity on the basis E of the bundle π 1 :
(and this relation holds also for the other Legendre maps). Then, for every X ∈ ker FL * we have
and hence
, and if, in addition, X ∈ ker Ω L , we obtain
this is equivalent to demanding that f B η
= 0 , and this is the condition which characterizes locally the vector fields belonging to ker FL * = ker FL * = ker FL * (see (6) ).
3 Hamiltonian formalism in the reduced multimomentum bundle
Hamiltonian systems
(Compare this presentation with references [17] , [19] and [49] ).
The more standard way for constructing Hamiltonian systems in Π consists in using sections of the projection δ, and it is similar to that developed in [6] for the Hamiltonian formalism in J 1 π * (which we will review later). Thus: Using charts of natural coordinates in Π and J 1 E * , a Hamiltonian section is specified by a set of local functions
The differentiable forms
Then, the local expressions of these Hamilton-Cartan forms are
where H h δ ≡ H ν ν is a local Hamiltonian function associated with the Hamiltonian section h δ .
As ι 0 is a submersion, we can state the following:
Definition 12 There is a natural equivalence relation in the set of Hamiltonian sections of δ, which is defined as follows: two Hamiltonian sections
We denote by {h δ } the equivalence classes of this relation.
Remarks:
• Of course, Hamiltonian sections belonging to the same equivalence class give the same HamiltonCartan forms, and hence the same Hamiltonian system.
• Observe that all the Hamiltonian sections of the same equivalence class have the same local Hamiltonian function
There is a relation between sections of µ and of δ. In fact:
Proposition 6 There is a bijective correspondence between the set of sections of the projection µ: Mπ → J 1 π * and the set of equivalence classes of sections of the projection δ:
( Proof ) In fact, this correspondence is established by the commutativity of the following diagram
that is, a section h µ : J 1 π * → Mπ and a class {h δ }: Π → J 1 E * are in correspondence if, and only if,
and this correspondence is one-to-one. Now we can study the structure of the set of Hamilton-Cartan forms, and hence of Hamiltonian systems. So, for every Hamiltonian section h δ of δ, consider the diagram
( Proof )
1. For every Hamiltonian section h δ , the map ι 0 • h δ is a form along the mapρ 1 • h δ = ρ 1 . Therefore, following the same pattern as in Lemma 1, we obtain that
and hence the result is immediate.
As
From the local expressions (3) and (10), for everyỹ ∈ U ⊂ Π, we have
which is the local expression (atỹ) of aρ 1 -semibasic form in Π. In addition, this is also the local expression of the form
is said to be a Hamiltonian density in Π.
It can be written as
is the global Hamiltonian function associated with H and ω.
In this way, we have proved that two Hamiltonian systems generated by two Hamiltonian sections of δ belonging to different equivalence classes, are related by means of a Hamiltonian density. We can state this result as follows:
The set of Hamilton-Cartan m-forms associated with Hamiltonian sections of δ is an affine space modelled on the set of Hamiltonian densities in Π.
Remark:
• If (Π, Ω h δ ) is a Hamiltonian system, taking into account (12) we have that every Hamiltonian section h ′ δ (such that h ′ δ ∈ {h δ }) allows us to split globally the Hamilton-Cartan forms as
is the local Hamiltonian function associated with the Hamiltonian section h ′ δ , and
If H h δ is the local Hamiltonian function associated with the Hamiltonian section h δ , we have
(in an open set U ). Hence, taking this into account, the local expressions (11) and (14) are really the same thing.
Hamiltonian sections, Hamiltonian densities and connections
In order to obtain a Hamiltonian density using two Hamiltonian sections, it is usual for one of them to be a linear section induced by a connection. This is a natural procedure for different reasons. For instance, when we construct the Hamiltonian formalism associated with a Lagrangian system, the Hamiltonian density must be related with the density of Lagrangian energy and, as this last is defined by using a connection, this same connection must be used for constructing the related Hamiltonian density (see sections 3.4 and 3.6).
Next, we are going to show how to define the linear Hamiltonian section induced by a connection. Hence, suppose that a connection ∇ has been chosen in π: E → M . It allows us to identify V * (π) as a subbundle of T * E. So, if v * ∇ : V * (π) → T * E is the dual injection of the vertical projection v ∇ induced by ∇. Then:
Definition 14 The linear Hamiltonian section of δ induced by the connection ∇ is the map
Remark:
• Two linear sections h
induced by two different connections ∇ 1 and ∇ 2 cannot belong to the same equivalence class of Hamiltonian sections, as can be proved comparing their coordinate expressions.
IfΘ is the canonical m-form in J 1 E * , the forms
are the Hamilton-Cartan m and m + 1 forms of Π associated with ∇.
• It can be proved [13] that the Hamilton-Cartan m-form associated with a connection ∇ is the unique form Θ h ∇ δ ∈ Ω m (Π) such that, ifỹ ∈ Π and w 1 , . . . , w m ∈ TỹΠ, then
taking into account the local expression of v * ∇ which, for a connection
Observe that ι 0 restricted to the image of h ∇ δ is injective. Therefore
Now, given a connection ∇ and a Hamiltonian section h δ , from Lemma 2 we have that Therefore, given a Hamiltonian system (Π, Ω h δ ), taking into account (13), we have that every connection ∇ in π: E → M allows us to split globally the Hamilton-Cartan forms as
In a natural system of coordinates in Π, such thatρ
to a couple (H, ∇) (that is, given a connection ∇, classes of Hamiltonian sections of δ and Hamiltonian densities in Π are in one-to-one correspondence).
( Proof ) Given a connection in π: E → M , we have just seen that all the Hamiltonian sections belonging to the same equivalence class {h δ } define a unique Hamiltonian density H ∇ h δ and, hence, the same Hamilton-Cartan forms.
Conversely, given a Hamiltonian density H and a connection ∇, we can construct an equivalence class of Hamiltonian sections {h δ } (which leads to the same Hamilton-Cartan forms), since, as
From the local expression of this map, it is easy to prove that there exists a local section h δ of δ, such that
Then, using a partition of unity we can construct a global section fulfilling this condition, and hence a family of sections {h δ } defined by the relation
As a direct consequence of this proposition, we have another way of obtaining a Hamiltonian system, which consists in giving a couple (H, ∇). In fact: 
• If π: EoM is a trivial bundle, then there is a natural connection (the trivial one). So, in this case, there is a bijective correspondence between Hamiltonian systems and Hamiltonian densities.
This is the situation in classical non-autonomous mechanics [7] , [9] , [10] .
Variational principle and field equations
Now we can establish the field equations for Hamiltonian systems. First we need to introduce the notion of prolongation of diffeomorphisms and vector fields from E to Π.
Proposition 9 Let Φ: E → E be a diffeomorphism of fiber bundles, Φ M : M → M its restriction to M and j 1 * Φ its prolongation to Π. Then 
If Ψ: E → E is another fiber bundle diffeomorphism, then
j 1 * (Ψ • Φ) = j 1 * Ψ • j 1 * Φ 3. j 1 * Φ is a diffeomorphism of ρ 1 -bundles andρ 1 -bundles, and (j 1 * Φ) −1 = j 1 * Φ −1 . Definition 16 Let Z ∈ X(E) be a π-H : Γ c (M, Π) −→ R ψ → M ψ * Θ h δ The variational
problem for this Hamiltonian system is the search of the critical (or stationary) sections of the functional H, with respect to the variations of ψ given by
This is the so-called Hamilton-Jacobi principle of the Hamiltonian formalism.
Theorem 4 Let (Π, Ω h δ ) be a Hamiltonian system. The following assertions on a section ψ ∈ Γ c (M, Π) are equivalent:
ψ is a critical section for the variational problem posed by
which are known as the Hamilton-De Donder-Weyl equations of the Hamiltonian formalism.
V(π) (E) and σ t is a one-parameter local group of Z, we have
and the results follows immediately.
and, as ψ has compact support, using Stoke's theorem we have
, and, according to the fundamental theorem of variational calculus, this is equivalent to
. Taking into account the local expression of Ω h δ given in (11), we have
) is a section ofρ 1 , then on the points of the image of ψ we have
, and we obtain
and, as this holds for every Z ∈ X V(π) (E), this is equivalent to demanding that
for every β A (x ν , y A ). Therefore
From the first equalities we obtain the first group of the Hamiltonian equations. For the second ones, let (W ; x ν , y A , p ν A ) a natural chart, U =ρ 1 (W ), and ψ a critical section. Then, for every x ∈ U we have
= 0 but, as there are critical sections passing through every point in W , we obtain that
Now we can choose β B such that ∂β B ∂y A take arbitrary values, and then
which is the second group of the Hamiltonian equations. The converse is trivial.
(4 ⇔ 5) Suppose that ψ is a section verifying that ψ * i(X)Ωh δ = 0, for every X ∈ X(Π).
, taking into account (11), we have
and, as this holds for every X ∈ X(Π), we obtain the Hamilton-De Donder-Weyl equations. The converse is trivial.
Remark:
• In relation to the equations (20) , it is important to point out that they are not covariant, since the Hamiltonian function H h δ is defined only locally, and hence it is not intrinsically defined.
In order to write a set of covariant Hamiltonian equations we must use a global Hamiltonian function, which can be obtained by introducing another Hamiltonian section h ′ δ , with h ′ δ ∈ {h δ } (as we have seen in section 3.1). It is usual to take the section induced by a connection ∇ in π: E → M , and hence we have the splitting given in (18) for the form Ω h δ . Then, if Γ B η are the local component functions of ∇ in U ⊂ Π, starting from the local expression (19) , and following the same pattern as in the proof of the last item, we obtain for a critical section ψ = (x ν , y A (x η ), p ν A (x η )) in U the covariant Hamiltonian equations:
where H h δ is the corresponding local Hamiltonian function), then from these last equations we recover the Hamilton-De Donder-Weyl equations. (See [6] for comments on this subject).
Hamiltonian system associated with a hyper-regular Lagrangian system
It is evident that different choices of equivalence classes of Hamiltonian sections of δ lead to different Hamiltonian systems in Π. The question now is how to associate (if possible) a Hamiltonian system with a Lagrangian system. The answer to this question is closely related to the regularity of the Lagrangian system. First, let (J 1 E, Ω L ) be a hyper-regular Lagrangian system. Then:
Lemma 3 For every section h δ : Π → J 1 E * of δ, the relation
( Proof ) We have the diagram
Then, taking into account the commutativity of this diagram, we have
So h µ is independent of h δ .
Remarks:
• This result is to be expected, since FL(J 1 E) is a 1-codimensional submanifold of Mπ, transverse to the projection µ, and hence it defines a section h µ of µ. This is just the natural section used in [6] and [37] for associating a Hamiltonian system to a hyper-regular Lagrangian one (see section 4.2).
• Observe that a natural section h δ of δ can be selected by making
or, what is equivalent, its associated class can be defined by
Observe that this section h δ is just the inverse of δ restricted to FL(J 1 E), and that ι 0 • h δ is a diffeomorphism.
Definition 18 Given a section h δ : Π → J 1 E * of δ, we define the Hamilton-Cartan forms
The Hamilton-Cartan forms are independent of the section h δ , and
Then, (Π, Ω h δ ) is the (unique) Hamiltonian system which is associated with the hyper-regular Lagrangian system (J 1 E, Ω L ).
( Proof ) The independence of the section h δ is a consequence of lemma 3. Then, taking into account the commutativity of diagram (21), and proposition 2, for every section h δ , we have
and the same result follows for Ω h δ .
Using charts of natural coordinates in Π and J 1 E * , and the expressions (1) and (2) of the Legendre maps, we have that the natural Hamiltonian section h δ = FL • FL −1 has associated the local Hamiltonian function
and for the Hamilton-Cartan forms:
There is another way of obtaining this Hamiltonian system. In fact, suppose that a connection ∇ is given in π: E → M , and let h ∇ δ : Π → J 1 E * be the induced linear section of δ. If we have used ∇ for constructing the associated density of Lagrangian energy E ∇ L ∈ Ω m (J 1 E) (see definition 1), the key is to define a Hamiltonian density H ∇ ∈ Ω m (Π) which is FL-related with E ∇ L . We can make this construction in two ways:
2. There exists a unique Hamiltonian density H ∇ ∈ Ω m (Π) such that 
The Hamilton-Cartan forms of definition 18 split as
1. Once again, it suffices to see it in a natural local system (x ν , y A , v A ν ). Then, if L = £d m x , taking into account the corresponding local expressions we have that
and the result holds. The last part follows, recalling the local expression of the density of Lagrangian energy. Thus this form isπ 1 -semibasic.
2. It is immediate, as FL is a diffeomorphism.
3. From (24) and (25) we obtain that
and therefore FL * Ω h δ = Ω L too. Then, the result follows because FL is a diffeomorphism.
• Notice that the item 1 holds even if FL is not a diffeomorphism.
In a system of natural coordinates we have
An alternative way is to obtain this Hamiltonian density using only Hamiltonian sections.
Proposition 12
Consider the Hamiltonian section h δ = FL • FL −1 , and a connection ∇. Then we have that
and hence the splitting (26) holds
( Proof ) We have the following diagram 15) and (25), we have
Then the result for the splittings of the Hamilton-Cartan forms follows straightforwardly.
Remark:
• Note that the use of both extended Legendre maps is necessary for obtaining the Hamiltonian density in this way.
As a final remark, all the results stated in section 3.3 in relation to the variational principle and the characterization of critical sections are true. In particular, field equations are the Hamilton-De Donder-Weyl equations (20) , where the local Hamiltonian function H h δ is given by (23).
Hamiltonian system associated with an almost-regular Lagrangian system
Now, let (J 1 E, Ω L ) be an almost-regular Lagrangian system. Bearing in mind diagram (9) , first observe that the submanifold  0 : P ֒→ Π, is a fiber bundle over E (and M ), and the corresponding projections will be denoted κ 1 0 :
Proposition 13
The Lagrangian forms Θ L and Ω L , are FL-projectable.
( Proof ) By Proposition 5, we have that ker FL * = ker Ω L ∩ X V(π 1 ) (J 1 E). Then, for every X ∈ ker FL * we have that i(X)ΘL = 0, since Θ L is a π 1 -semibasic m-form, and in the same way L(X)ΘL = 0. Therefore Θ L is FL-projectable.
As a trivial consequence of this fact, i(X)ΩL = 0, and L(X)ΩL = 0, and therefore Ω L is also FL-projectable.
Definition 19
Given a sectionĥ δ : P →P ofδ, we define the Hamilton-Cartan forms
Proposition 14 The Hamilton-Cartan forms Θ 0 h δ
and Ω 0 h δ are independent of the sectionĥ δ ofδ, and
Then (Π, P, Ω 0 h δ ) is the unique Hamiltonian system associated with the almost-regular Lagrangian
( Proof ) We have the following diagram
Then, taking into account the commutativity of this diagram, and proposition 2, for every section h δ ofδ we have that
and the same result follows for Ω 0 h δ .
Remarks:
• Following the terminology of sections above, we have that all the sectionsĥ δ belong to the same equivalence class.
• In the particular situation that rank FL 0 = rank FL 0 , we have thatι 0 is a diffeomorphism and, as the fibers ofδ are also the fibers ofι 0 , then so isδ. In this case there is only one map h δ , which is justδ −1 .
As in the hyper-regular case, we can construct this Hamiltonian system using a connection. Thus, let ∇ be connection in π: E → M , and h ∇ δ : Π → J 1 E * the induced linear section of δ. Let E ∇ L ∈ Ω m (J 1 E) be the density of Lagrangian energy associated with ∇ (see definition 1). Then: 
There exists a uniqueρ
1 0 -semibasic form H ∇ 0 ∈ Ω m (P ), such that FL * 0 H ∇ 0 = E ∇ L Let H ∇ 0 = H ∇ 0 (ρ 1 * 0 ω), with H ∇ 0 ∈ C ∞ (P ).∇ 0 = E ∇ L .
The Hamilton-Cartan forms of definition 19 split as
, it suffices to prove that the Lagrangian energy E ∇ L is FL-projectable. Then, for every X ∈ ker FL * , using natural coordinates we have
therefore E ∇ L is FL-projectable, and so is E ∇ L .
2. It is immediate, taking into account that Θ L is FL-projectable, and the first item of Proposition 11.
3. The existence is assured, since E ∇ L is FL-projectable and the uniqueness because FL 0 is a submersion.
Next we prove that H ∇ 0 isρ 1 0 -semibasic. As FL 0 is a submersion, for every
L isπ 1 -semibasic, and hence
4. Taking into account items 3 and 2, we obtain
Then the result follows because FL is a submersion.
We can construct the above Hamiltonian density in an alternative way, as follows:
Proposition 16 Letĥ δ : P →P be a section ofδ, and ∇ a connection. Then, h ∇ δ induces a map
and hence the splitting (28) holds.
Taking into account the commutativity of this diagram, we have that every sectionĥ δ ofδ satisfies thatμ
Then, bearing in mind the second item of Proposition 15 and (27), we have that
and the result follows as a consequence of the third item of Proposition 15.
The statement for the splittings of Θ 0 h δ
and Ω 0 h δ is immediate.
Note that, once again, the use of both extended Legendre maps is necessary to obtain the Hamiltonian density in this way.
Finally, in the almost-regular case, the Hamilton-Jacobi variational principle of definition 17 is stated in the same way, now using sections ofρ 1 0 : P → M , and the form Θ 0 h δ . So we look for sections ψ 0 ∈ Γ c (M, P ) which are stationary with respect to the variations given by ψ 0t = σ t • ψ 0 , where {σ t } is a local one-parameter group of anyρ 1 0 -vertical vector field Z ∈ X(P ), such that
Then these critical sections will be characterized by the condition (analogous to Theorem 4)
Equivalence between the Lagrangian and Hamiltonian formalisms
One expects that both the Lagrangian and Hamiltonian formalism must be equivalent. As in mechanics, this equivalence can be proved by using the (reduced) Legendre map.
First, using the Legendre map, we can lift sections of π from E to Π as follows:
be a hyper-regular Lagrangian system, FL the induced Legendre transformation, φ: M → E a section of π and j 1 φ: M → J 1 E its canonical prolongation to J 1 E. The Lagrangian prolongation of φ to Π is the section
is an almost-regular Lagrangian system, the Lagrangian prolongation of a section φ: M → E to P is j 
If a section φ ∈ Γ c (M, E) is a solution of the Lagrangian variational problem (Hamilton principle) then the section
ψ ≡ j 1 * φ := FL • j 1 φ ∈ Γ c (M, Π
) is a solution of the Hamiltonian variational problem (Hamilton-Jacobi principle).

Conversely, if a section ψ ∈ Γ c (M, Π) is a solution of the Hamiltonian variational problem, then the section
φ ≡ ρ 1 • ψ ∈ Γ c (M, E
) is a solution of the Lagrangian variational problem.
( Proof ) Bearing in mind the diagram
If φ is a solution of the Lagrangian variational problem then (j 1 φ) * i(X)ΩL = 0, for every X ∈ X(J 1 E) (Theorem 1); therefore, as FL is a local diffeomorphism,
which holds for every X ′ ∈ X(Π) and thus, by Theorem 4, ψ ≡ FL • j 1 φ is a solution of the Hamiltonian variational problem. (This proof holds also for the almost-regular case).
Conversely, let ψ ∈ Γ c (M, Π) be a solution of the Hamiltonian variational problem. Reversing the above reasoning we obtain that (FL −1 • ψ) * i(X)ΩL = 0, for every X ∈ X(J 1 E), and hence
is a critical section for the Lagrangian variational problem. Then, as we are in the hyper-regular case, σ must be a holonomic section [12] , [36] , [53] , σ = j 1 φ, and since (30) is commutative, φ = ρ 1 • ψ ∈ Γ c (M, E), necessarily.
Remarks:
• Observe that every section ψ: M → Π which is solution of the Hamilton-Jacobi variational principle is necessarily a Lagrangian prolongation of a section φ: M → E.
• In the almost-regular case, if φ is a critical section of the Lagrangian problem, then ψ = FL • j 1 φ is a critical section of the Hamiltonian problem. Furthermore, FL:
is a diffeomorfism because sections ofπ 1 are transversal to the fibres of FL.
As critical sections are integral manifolds of multivector fields [12] , [14] or, what is equivalent, Ehresmann connections [36] , [38] , [53] , then critical sections through different points in the same fiber of FL have the same image by FL.
On the other hand, we can prove the equivalence between the Lagrangian and Hamiltonian formalisms from the variational point of view. First, we need the following lemma:
For every differentiable section φ: U ⊂ M → E, the following conditions are equivalent:
Conversely, if we suppose 1 is not true, then there exists one section φ: U ⊂ M → E with (j 1 φ) * [f (π 1 * ω) − β] = 0 and hence there is x ∈ U and a closed neighbourhood V of x in U such that, taking γ: V → E with γ = φ| V , then
Now, let ∇ be a connection in π: E → M , and let E ∇ L = E ∇ L (π 1 * ω) be the density of Lagrangian energy associated with ∇ and L. Then:
Theorem 6 The Lagrangian energy function is the unique function in J 1 E verifying the following condition: for every section
( Proof ) (Uniqueness): Let f and g be two functions verifying this condition. Obviously
Hence, (f − g)(j 1 φ(x)) = 0, and this implies f − g = 0, because every point in J 1 E is in the image of some section j 1 φ.
(Existence): From (24) we obtain
since (j 1 φ) * (i(V)dL) = 0 (as can be proved by using expressions in coordinates). So, the energy function introduced in definition 1 satisfies this condition.
And this result leads to the following consequence: 
The standpoint is the relation stated in Theorem 6 which, by Lemma 4, is equivalent to
therefore, from this equality, and using (24) and (22), we obtain
It is important to remark the essential role played by the Lagrangian energy function in the proof of this equivalence.
(The above results are generalizations of others in non-autonomous mechanics [10] ). 4 Hamiltonian formalism in the restricted multimomentum bundle J 1 π * . Relation with the formalism in Π
Hamiltonian systems
The construction of the Hamiltonian formalism in J 1 π * is posed, for the first time, in [6] , and the particular case of Hamiltonian systems associated with hyper-regular and almost-regular systems is stated in [37] . The procedure is essentially similar to that developed in section 3.1 for Π. Next we sketch this construction, relating it with the above one in Π. As we have proved the existence of the canonical diffeomorphism Ψ : Π → J 1 π * , we can use it to prove the equivalence between the Hamiltonian formalisms in Π and J 1 π * .
Definition 21
Consider the bundleτ 1 : J 1 π * → M .
1.
A section h µ : J 1 π * → Mπ of the projection µ is called a Hamiltonian section of µ.
The differentiable forms
are called the Hamilton-Cartan m and (m + 1) forms of J 1 π * associated with the Hamiltonian section h µ .
In a local chart of natural coordinates, a Hamiltonian section is specified by a local Hamiltonian function
. The local expressions of the Hamilton-Cartan forms associated with h µ are similar to (11) , but changing H h δ by H hµ , and p ν A by p ν A .
For Hamiltonian sections of µ, we have a similar result to that in Lemma 2, and so, if h 1 µ , h 2 µ are two sections of µ, then
is aτ 1 -semibasic m-form in J 1 π * . 
In this way we have the analogous result as in Theorem 3:
Theorem 8 The set of Hamilton-Cartan m-forms associated with Hamiltonian sections of µ is an affine space modelled on the set of Hamiltonian densities in
Hence, if (J 1 π * , Ω hµ ) is a Hamiltonian system, we have that every Hamiltonian section h ′ µ = h µ allows us to split globally the Hamilton-Cartan forms as
The local expressions of these splittings are similar to (14) , but changing H h ′ δ by H h ′ µ , and p ν A by p ν A . Now, if we have a connection ∇ in π: E → M , it induces a linear section h ∇ δ : Π → J 1 E * of δ, and hence there exists another linear section h ∇ µ :
(see [6] for an alternative definition). Then, if Θ is the canonical m-form in Ω m (Mπ), the forms
are the Hamilton-Cartan m and (m+1) forms of J 1 π * associated with the connection ∇. Of course, a characterization of Θ h ∇ µ can be stated in the same way as in (16) . The local expression of these Hamilton-Cartan forms associated with ∇ is similar to (17) .
Therefore, given a connection ∇ and a Hamiltonian section h µ , from the above results we have that
is a Hamiltonian density in J 1 π * , which is written as
is the global Hamiltonian function associated with H ∇ hµ and ω. Then, the Hamilton-Cartan forms associated with h µ split as
The local expressions of these splittings are similar to (19) 
If, conversely, we take a connection ∇ and a Hamiltonian density H, then making h ∇ µ − H we obtain a Hamiltonian section h µ , since H: J 1 π * → Mπ takes values in π * Λ m T * M . Hence: equivalent to a couple (H, ∇) (that is, given a connection ∇, Hamiltonian sections of µ and Hamiltonian densities in J 1 π * are in one-to-one correspondence).
Bearing in mind this last result, we have another way of obtaining a Hamiltonian system, which consists in giving a couple (H, ∇). In fact:
Proposition 18 Let ∇ be a connection in π: E → M , and H a Hamiltonian density. There exists a unique Hamiltonian section h µ of µ such that
Concerning field equations, observe that diffeomorphisms in E (and hence vector fields in E) can be lifted to J 1 π * , for instance, lifting them to Π (see definitions 15 and 16), and translating them to J 1 π * using the diffeomorphism Ψ . Hence, for a Hamiltonian system (J 1 π * , Ω hµ ), we can set the Hamilton-Jacobi variational principle as in definition 17 (but with the form Ω hµ instead of Ω h δ ), and state the same results and comments as in Theorem 4.
Hamiltonian systems in Π and J 1 π * are equivalent. In fact; as a first result we have:
Proposition 19 Let ∇ be a connection in π: E → M , and H and H Hamiltonian densities in Π and J 1 π * , respectively, such that Ψ * H = H. Then
The proof is based in the following fact:
and the result is immediate.
And therefore, as a direct consequence of Propositions 6 and 19, we can set the relation between the Hamiltonian systems in Π and J 1 π * :
Theorem 9 Every Hamiltonian system (Π, Ω h δ ) is equivalent to a Hamiltonian system (J 1 π * , Ω hµ ), and conversely.
At this point, we can study the relation between the set of connections ∇ in the bundle π: E → M , and the sets of linear (Hamiltonian) sections of the projections µ: Mπ → J 1 π * and δ: J 1 E * → Π: ( Proof ) Let the projection µ: Λ m T * E → Λ m 1 T * E/Λ m 0 T * E, and the set of linear sections of µ
which is an affine bundle modeled on the vector bundle
But this last bundle is just the vector bundle on which the affine bundle of the connection forms in π: E → M is modeled. Then the result follows.
Finally, the equivalence with the set of linear (Hamiltonian) sections of the projection δ: J 1 E * → Π) is proved by taking into account that every linear section of δ is associated with a connection ∇, since this linear section defines a linear map from V * (π) to T * E, and hence a projection TE → V(π) (that is, a connection).
Hamiltonian system associated with a hyper-regular Lagrangian system
The procedure is analogous to that in Section 3.4 (see also diagram (7)). Let (J 1 E, Ω L ) be a hyper-regular Lagrangian system, then:
Definition 23 Let h µ : J 1 π * → Mπ be the section of µ given by
which is a diffeomorphism connecting J 1 π * and FL(J 1 E) (observe that it is just the inverse of µ restricted to FL(J 1 E)). We define the Hamilton-Cartan forms
Proposition 20 The Hamilton-Cartan forms satisfy that
FL * Θ hµ = Θ L , FL * Ω hµ = Ω L Then (J 1 π * , Ω hµ ) is
the (unique) Hamiltonian system associated with the hyper-regular Lagrangian
Taking into account the commutativity of this diagram, and proposition 2, we have
Using charts of natural coordinates in J 1 π * and Mπ, and the expression (5) of the Legendre map, we obtain that the local Hamiltonian function H hµ representing this Hamiltonian section is
and the local expressions of the corresponding Hamilton-Cartan forms are
We can construct this Hamiltonian system using connections. Thus, if ∇ is a connection in π: E → M , and h ∇ µ is the linear Hamiltonian section of µ associated with ∇, following the same pattern as in Proposition 11, we can prove:
There exists a unique Hamiltonian density
H ∇ and H ∇ are called the Hamiltonian density and the Hamiltonian function associated with the Lagrangian system, the connection ∇ and ω.
The Hamilton-Cartan forms of definition 23 split as
We can obtain this Hamiltonian density using only Hamiltonian sections. In fact:
Proposition 22 The first item is a consequence of the third item of Proposition 3. For the second item, taking into account definition 8 and (32), Proposition 2, and (34), we have
Then the result for the Hamilton-Cartan forms follows immediately.
Of course, all the results stated in section 3.3 concerning to the variational principle and the characterization of critical sections are true, and the local Hamiltonian function H hµ appearing in the Hamilton-De Donder-Weyl equations is given by (33) .
Finally, the equivalence between the Hamiltonian formalisms (in Π and J 1 π * ) associated with a hyper-regular Lagrangian system, and between the Lagrangian formalism and the Hamiltonian formalism in J 1 π * is given by the following:
and hence its associated Hamiltonian systems (Π, Ω h δ ) and (J 1 π * , Ω hµ ) are equivalent.
( Proof ) It is immediate. Observe also that the sections h µ and h δ are equivalent, by the commutativity of diagram (7).
Observe that, as FL is a diffeomorphism, we also have that Ψ * H ∇ = H ∇ .
Hamiltonian system associated with an almost-regular Lagrangian system
The procedure is analogous to that in Section 3.5 (see also diagram (9)). Now, (J 1 E, Ω L ) is an almost-regular Lagrangian system, and the submanifold  0 : P ֒→ J 1 π * , is a fiber bundle over E (and M ). The corresponding projections will be denoted by
Taking into account Proposition 5, and following the same pattern as in Propositions 13, we can prove that the Lagrangian forms Θ L and Ω L are FL-projectable, and then: 
) is the (unique) Hamiltonian system associated with the almost-regular La-
( Proof ) In fact, taking into account the commutativity of diagram (9), and proposition 2, we have
and the same result follows for Ω 0 hµ .
We can construct this Hamiltonian system using a connection. Thus, let ∇ be a connection in π: E → M , and h ∇ µ : J 1 π * → Mπ the induced linear section of µ. Let E ∇ L ∈ Ω m (J 1 E) be the density of Lagrangian energy associated with ∇. Then, as in Proposition 15 we can prove:
and H ∇ 0 are called the Hamiltonian density and the Hamiltonian function associated with the Lagrangian system, the connection ∇ and ω.
The Hamilton-Cartan forms of definition 24 split as
We can obtain this Hamiltonian system in the following equivalent way:
Proposition 25 Consider the maph µ , and a connection ∇. Then h ∇ µ induces a maph ∇ µ : P →P, defined by the relation 0 
and hence the splitting (36) holds.
The first part of the statement is a consequence of the fact thatμ is a diffeomorphism. For the second part, taking into account the commutativity of this diagram, and bearing in mind the first item of Proposition 24 and Proposition 2, we have
and the result follows as a consequence of the above Proposition. The last statement is immediate.
Of course, the result stated in (29) concerning to the variational principle and the characterization of critical sections holds in the same way.
Finally, the equivalence between the Hamiltonian formalisms (in Π and J 1 π * ) associated with an almost-regular Lagrangian system, and between the Lagrangian formalism and the Hamiltonian formalism in J 1 π * is given by the following: ( Proof ) First, we have the following relation
, and hence
Observe also that the sectionh µ of µ and the family of sectionsĥ δ of δ (given in Proposition 16) are equivalent, by the commutativity of diagram (9).
Examples
Non-autonomous Mechanics
The jet bundle description of time-dependent mechanical systems (see, for instance, [9] and [18] ) takes M = R, and E = R × Q, where Q is a N -dimensional manifold (and thus π: R × Q → R is a trivial bundle). Then J 1 E = R × TQ. Natural adapted coordinates are denoted by (t, q i , v i ). Lagrangian densities are written L = £dt, where £ ∈ C ∞ (R× TQ ) is a time-dependent Lagrangian function.
Next we will identify the different multimomentum bundles. First observe that, as TM ≃ R×R, we obtain
Therefore we have:
Generalized multimomentum bundle: Observe that
Notice that dim J 1 E * = 2N + 2.
Reduced multimomentum bundle: As V * (π) = R × T * Q, we have that
and dim Π = 2N + 1.
Extended multimomentum bundle: Now we have
Restricted multimomentum bundle:
Comments:
• It is interesting to point out that in the Hamiltonian formalism of non-autonomous mechanics, M ≃ R × T * Q and J 1 π * ≃ R × T * Q make the canonical diffeomorphism between the generalized and the extended multimomentum bundle evident. They correspond to the so-called extended momentum phase space of the symplectic formulation of time-dependent systems [9] , [34] , [48] . As a consequence, the generalized and the (first) extended Legendre maps are really the same.
• The case of singular (almost-regular) time-dependent mechanical systems has been extensively studied in this context in [7] , [20] .
Electromagnetic field (with fixed background)
In this case M , is space-time endowed with a semi-Riemannian metric g, E = T * M is a vector bundle over M and π: T * M → M denotes the natural projection. Sections of π are the so-called electromagnetic potentials. Using the linear connection associated with the metric g, one assures that J 1 E → T * M is a vector bundle and, since VE = π * T * M , we have
Let φ: M → T * M be a section of π. Then j 1 φ: M → π * T * M × π * T * M is just j 1 φ = Tφ (observe that j 1 φ is a metric tensor on M ). Now, consideringȳ ∈ J 1 E, and φ: M → T * M being a representative ofȳ; we have that the Lagrangian density is
where denotes the norm induced by the metric g on the 2-forms on M , and dV g is the volume element associated with the metric g. Observe that dφ is the skew-symmetric part of the matrix giving Tφ or, in other words, the skew-symmetric part of the metric Tφ on M .
For simplifying calculations, we take M = R 3 and the metric is − + +. Then E = R 3 × R 3 and
with dim J 1 E = 15. Coordinates in J 1 E are usually denoted (x ν , A j , v j ν ), with ν, j = 0, 1, 2. The coordinates (A 1 , A 2 ) constitute the vector potential and A 0 is the scalar potential. Then, locally φ = φ η dx η , and therefore
It is usual to write φ in the form A = δ jν A j dx ν and dA = δ jη v j ν dx η ∧ dx ν (δ jη is the Kronecker's delta). Then, in natural coordinates we have the following expression for the Lagrangian function
Obviously, this is a singular Lagrangian, since its Hessian matrix 
is singular (its rank is equal to 3).
Next we study the several Legendre maps associated with this system. As we know, all of them leave the coordinates (x ν , A j ) invariant, thus we will write the relations only for the multimomentum coordinates.
Generalized Legendre map: The generalized multimomentum bundle is
From (1) we have
and for the additional multimomentum coordinates (p ν η in (1))
We have the Hamiltonian constraintŝ
and the additional oneŝ
which define locally the submanifoldP in J 1 E * .
Observe that dimP = dim J 1 E, as rank FL * is maximal. Then, taking into account the commutativity of diagram (9), we can conclude that, for this system, the degeneracy is on the fibers of the projection δ.
Reduced Legendre map: The reduced multimomentum bundle is
For the reduced Legendre map the results are the same as for the restricted Legendre map, but changing the multimomentum coordinates p j ν by p j ν . So, from (2) we obtain
(FL is a submersion onto its image, and hence the system is almost-regular).
Now we have the same Hamiltonian constraints
which define locally the submanifold P in Π. Observe that, as these constraints are conditions of skew-symmetry, we have that
where A(R 3 ) denotes the bundle whose sections are the 2-contravariant skew-symmetric tensor fields on R 3 . Note also thatP is not diffeomorphic to P .
First extended Legendre map: The extended multimomentum bundle is
From (4) we obtain that
and the additional relation
The corresponding Hamiltonian constraints arê
and the additional oneχ
All of them define locally the submanifoldP in Mπ.
Second extended Legendre map: From (4) we obtain that
and the Hamiltonian constraints are now
All of them define locally the submanifoldP in Mπ. Note that the last constraint identifies the extra coordinate p with the Hamiltonian function which, for this system, is
Restricted Legendre map: The restricted multimomentum bundle is
From (5) we obtain
Hence we obtain the following set of Hamiltonian constraints
which define locally the submanifold P in J 1 π * .
Observe that, for this example, rank FL * = rank FL * = rank FL * = rank FL * and the submanifolds P, P,P andP are, in fact, diffeomorphic.
Conclusions
We have studied the Hamiltonian formalism for first-order Classical Field theories in the context of multisymplectic manifolds, taking different choices of multimomentum bundles as phase spaces, in particular the bundles Π and J 1 π * .
• First we have reviewed the construction of these and other auxiliary multimomentum bundles (J 1 E * and Mπ), as well as the definition of suitable Legendre maps when all these bundles are thought of, in a certain sense, as the dual bundles of a Lagrangian system (J 1 E, Ω L ). The key result is the existence of a canonical diffeomorphism between Π and J 1 π * . (See section 2.2).
• In order to state the Hamiltonian formalism on Π and J 1 π * , some additional geometric element is needed for obtaining the Hamilton-Cartan forms from the canonical forms which J 1 E * and Mπ are endowed with. In particular, we can take sections of the projections δ: J 1 E * → Π and µ: Mπ → J 1 π * , (which are called Hamiltonian sections, and are the elements carrying the "physical" information in this construction), which allows us to pull-back the canonical forms from J 1 E * and Mπ to Π and J 1 π * respectively. These are the Hamilton-Cartan forms which define the Hamiltonian system. Hamiltonian sections are associated with local Hamiltonian functions, which appear explicitly in the local expression of the corresponding Hamilton-Cartan forms. (See sections 3.1 and 4.1).
• A relevant result is that different choices of Hamiltonian sections of δ may lead to the same Hamilton-Cartan forms in Π, and this allows us to establish an equivalence relation in the set of sections of the projection δ. Then, using the diffeomorphism Ψ between Π and J 1 π * , it is proved that there is a one-to-one correspondence between sections of µ and classes of equivalent sections of δ. Therefore, the Hamilton-Cartan forms in Π and • The difference between two Hamilton-Cartan m-forms defined by Hamiltonian sections is a semibasic m-form which is called a Hamiltonian density. Hence the set of Hamilton-Cartan forms can be thought of as an affine space modelled on the module of Hamiltonian densities. As a particular case, Given a connection, (classes of) Hamiltonian sections and Hamiltonian densities are in one-to-one correspondence. As a consequence of this fact, a Hamiltonian system can be also constructed starting from a Hamiltonian density and a connection. (See sections 3.2 and 4.1).
• The field equations of the Hamiltonian formalism can be derived from the so-called HamiltonJacobi variational principle. Different but equivalent ways of characterizing the critical sections by means of the Hamilton-Cartan forms are shown. In particular, in natural coordinates of the multimomentum bundles Π or J 1 π * , these sections are obtained as solutions of a local system of first-order partial differential equations, which are known as the Hamilton-De Donder-Weyl equations. Nevertheless, as the Hamiltonian function appearing in the local expression of the Hamilton-Cartan form is local, these equations are not covariant. Then, for obtaining a set of covariant equations, we must introduce a Hamiltonian density, and so a global Hamiltonian function. (See section 3.3).
• The question of associating a Hamiltonian system to a Lagrangian one is also analyzed, both in the hyper-regular and the almost-regular cases. We can define this Hamiltonian system in three equivalent ways (see sections 3.4, 3.5, 4.2 and 4.3):
-Using a natural Hamiltonian section, which is defined using the Legendre maps, for obtaining the Hamilton-Cartan forms. These forms are related to the Poincaré-Cartan forms of the Lagrangian formalism, through the Legendre map.
-Using a connection, the density of Lagrangian energy of the Lagrangian formalism can be defined. Then, we construct a Hamiltonian density as the only semibasic m-form which is related to it by means of the suitable Legendre map.
-This last Hamiltonian density can be obtained from a connection and the above natural Hamiltonian section. In this case, the extended Legendre maps must also be used, and in particular, for the construction in the reduced multimomentum bundle Π, both extended Legendre maps are needed (in the hyper-regular and in the almost-regular cases). This fact would justify the introduction of two extended Legendre maps.
• As an additional result, in the hyper-regular case, the equivalence between the Lagrangian and the Hamiltonian formalism is proved from a double point of view: showing the equivalence between the sections solution of the Lagrangian and Hamiltonian problems, and proving the equivalence of the Lagrangian and Hamiltonian variational principles. This equivalence is only partially proved in the almost-regular case. (See section 3.6).
A Geometrical structures in first-order jet bundles (See [11] , [15] and [53] ).
Let π: E → M be a fiber bundle (dim M = m, dim E = N + m), and π 1 : J 1 E → E the 1-jet bundle of local sections of π, which is also a differentiable bundle on M with projectionπ 1 = π. If (x ν , y A ) (with ν = 1, . . . , m; A = 1, . . . , N ) is a local system of coordinates adapted to the bundle π: E → M , then we denote by (x ν , y A , v A ν ) the local system of coordinates induced in J 1 E.
Let φ: M → E be a section of π, x ∈ M and y = φ(x). The vertical differential of the section φ at the point y ∈ E is the map where φ is a representative ofȳ. Its expression in a natural local system is θ = (dy A −v A ν dx ν )⊗ ∂ ∂y A . θ is an element of Ω 1 (J 1 E) ⊗ J 1 E Γ(J 1 E, π 1 * V(π)); then it can be thought of as a C ∞ (J 1 E)-linear map θ: Γ(J 1 E, π 1 * V(π)) * −→ Ω 1 (J 1 E).
Consider the canonical isomorphism Sȳ: T * π 1 (ȳ) M ⊗ V π 1 (ȳ) (π) −→ Vȳ(π 1 ) which consists in associating to an element α ⊗ v ∈ T * π 1 (ȳ) M ⊗ V π 1 (ȳ) (π) the directional derivative inȳ with respect to α ⊗ v. Taking into account that α ⊗ v acts in J 1 y E by translation, we have
for f ∈ C ∞ (J 1 y E). Then we have the following isomorphism of C ∞ (J 1 E)-modules
which is called the vertical endomorphism S. (Γ(A, B) denotes the set of sections of the projection A → B). Notice that S ∈ Γ(J 1 E, (π 1 * V(π)) * ⊗ V(π 1 ) ⊗π 1 * TM ) (where all the tensor products are on C ∞ (J 1 E)). Then, another vertical endomorphism V arises from the natural contraction between the factor Γ(J 1 E, (π 1 * V(π)) * ) of S and the factor Γ(J 1 E, π 1 * V(π)) of θ:
so it is a morphism V:
S can also be thought of as a morphism
As every connection ∇ on π: E → M gives an injection ∇ v : Γ(J 1 E, (π 1 * V(π)) * ) ֒→ Ω 1 (J 1 E), then it makes sense to define
As a consequence of the foregoing, the operation S ∇ − V is meaningful.
In a natural system of coordinates the local expressions of all these elements are
where {ζ A } is the local basis of Γ(J 1 E, π 1 * V(π)) * which is dual of ∂ ∂y A , and Γ A ν are the component functions of the connection ∇.
